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Abstract
In this thesis, we look at some of the first topological results for Lagrangian
immersions and embeddings. In particular, we state and consider some appli-
cations of the h-principle of Gromov which gives a homotopy classification of
Lagrangian immersions. We outline a proof of Matsushima's theorem which
states that there is no Lagrangian embedding S" -+ (C n, w) if n $ 1, 3 and
w is any symplectic form on C". We define the notions of the Malsov class
and of monotone Lagrangian immersions or embeddings and we give some
examples.
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1 Basic symplectic geometry
In this section, we list some basic notions of symplectic geometry that we will
need for the rest of the paper. The proofs can be found in any introductory
textbook in symplectic geometry such as [13].
1.1 Symplectic vector spaces
Definition 1.1. A skew-symmetric bilinear form w on a real vector space V
is said to be nondegenerate if
W(u,v) = 0 Vu E V -v = 0.
The vector space V equipped with the nondegenerate form w is called a
symplectic vector space.
A skew-symmetric bilinear form w defines a linear map
W# : V -+ V*
v -+ W(v, .).
If V is a finite dimensional vector space, the nondegeneracy condition is
equivalent to the condition of w# being one-to-one. For now on, all vector
spaces will be assumed to be finite-dimensional.
Definition 1.2. Suppose (Vo, wo) and (Vi, wi) are synlei(t ic vector spaces.
An invertible linear map T : V - V1 is called a symplectomorphism if
T*wi = wo.
Example 1.3. Let V be the standard vector space R2, with coordinates
(x 1 ,- , ' , y1, - - - , y). If we set wo = E dxi A dyi, then (R 2 n, WO) is a
symplectic vector space. It is called the standard symplectic vector space.
A symplectomorphism T: (R 2n, wO) _ (R2n, wo) is represented by a ma-
trix A satisfying AT JOA = Jo where
0 -Inxi
IO nxn 0
and Inxn is the n x n identity matrix.
Definition 1.4. The set of 2n x 2n matrices A which satisfy
AT JoA = Jo
where Jo is given above form a Lie group called the symplectic group. It will
be denoted by Sp(2n).
Sp(2n) is a subgroup of the general linear group Gl(2n, R) since Sp(2n)
consists of invertible linear maps.
Example 1.5. Let W be any finite-dimensional real vector space and let
W* be the corresponding dual vector space. Consider the skew-symmetric
bilinear form defined on V W @ W* by
w :V x V -+ R
((u1, ai); (U2 , a 2 )) -+ al(U2 ) - a2(ui).
One can check that the alternating form w is nondegenerate. Thus, it gives
V the structure of a symplectic vector space.
Any symplectic vector space is symplectomorphic to (R2n,w 0 ). This is
due to the following theorem.
Theorem 1.6. Let (V w) be a finite dimensional symplectic vector space.
Then
1. V is even dimensional.
2. there is a basis e1 ,. .. ,en, f1,..., fIL such that n = dim V and2
w(ej, fj) = oj
w(e2 , e1) = W(fi, fi) = 0
where 6j is the Kronecker delta function.
Hence, w = e* A fi' where {e*,... , e*,, f*,. .. , f*} is the dual basis. The
basis {ei, . . ., e, fi, . .. , fn} is called a symplectic basis.
It follows that any two symplectic vector spaces of the same dimension
are symplectomorphic.
Definition 1.7. Let (V, w) be a symplectic vector space and let U C V be a
linear subspace. The symplectic perpendicular to U in V is the space
UW := {v E VlW(u,v) = OVu E U}.
The following properties are easy to verify. Given U \
1. (UW)w = U
2. dim UL + dim U = dim V
Definition 1.8. A subspace U of (Vw) is said to be Lagrangian if UW = U.
Equivalently, U is Lagrangian if
1dim U - dim V and w(u, v) = 0 %, v E V.
2
The following lemma states that symplectomorphisms of symplectic vec-
tor spaces preserve Lagrangian subspaces.
Lemma 1.9. If T : (Vo, wo) -± (V1 , wi) is a symplectomorphism and L C Vo
a Lagrangian subspace, then T(L) c V1 is a Lagrangian subspace.
Example 1.10.
1. Any one-dimensional subspace of a two-dimensional symplectic vector
space is Lagrangian.
2. Consider the standard symplectic vector space (R2". &o) from Exam-
ple 1.3. Then the subspace R' x {0} given by setting Y1 -y = 0
is a Lagrangian subspace.
3. If we represent a vector of R2n by (Y, g) where - = (xi,- ,xz) E Rn
and 7= (yi,*- ,-y) E R", then wo can be expressed as
W ((Xi gi 9); (2, Y2)) =< Xzi, Y2 > - < 2, g >
where < .,. > is the standard inner product on R'. Let A be an n x n
matrix. Then the subspace {(7, A-)jz E R4} is Lagrangian if and only
if A is symmetric.
We identify the complex vector space C' with R 2" via the correspondence
(Zi, - -- ,zn) -+ (x1, - - - , ,Y1, --- ,yn)(1 )
where z3 = xj + iyj. Let (.,.) be the standard Hermitian inner product on
C". Then wo is given by
wo(z, w) = -Im ((z, w)) for z,w E Cn.
In fact, we cati write (.,.) as
(. )=< .,.> -i (.)
where < .,. > is the standard Euclidean inner product on R2n. If we view
multiplication by i as a real linear isomorphism of R2n, it satisfies i2  - Id.
The concept of the operator i generalizes to arbitrary even-dimensional vector
spaces.
Definition 1.11. A complex structure on a real vector space V is an iso-
morphism J: V -+ V such that J2 = -Id.
A complex structure on a real vector space V gives it the structure of a
complex vector space via
(a + ib) - v = av + bJv
where (a + ib) E C and v e V. The existence of a complex structure implies
that the dimension of V is even. In fact, it can be shown that there exists
ei, - - - , en E V such that eil , e,, Jei, -- - , Jen is a basis of V. Conversely,
given a basis e1, -- - , en, fi, - , fn, we get a complex structure J : V -+ V
defined by Jr, f, and Jf, -ei for i = 1 - - - , n. So the space of complex
structures on an even-dimensional vector space is non-empty.
Definition 1.12. Let J be a complex structure on a symplectic vector space
(V, w). J is said to be compatible with w (or w-compatible) if
1. w(u, Ju) > 0 and
2. w(Ju, Jv) = w(u, v)
for all u, v E V. A w-compatible complex structure J on (V, w) defines an
inner product g on (V, w) given by
g(u, v) = w(u, Jv)
We also get a hermitian inner product on the complex vector space (V, J)
defined by
h(u, v) - g(u, v) - iw(u, v).
By the following lemma, a w-compatible complex structure always exists.
Lemma 1.13. Let (V, w) be a symplectic vector space. Then there exists a
complex structure J on V compatible with w.
w-compatible complex structures give us a new way of defining Lagrangian
subspaces.
Lemma 1.14. Let J be a w-compatible complex structure on (Vw). Then
L C V is Lagrangian if and only if J(L) = L', where the orthogonality is
with respect to the inner product g(.,.) =w(., J.).
1.2 Symplectic vector bundles
Definition 1.15. A symplectic vector bundle over a manifold M is a vector
bunlde E 14 M such that, for each x E M, the fiber E. is equipped with
a symplectic structure o, which varies continuously with x. The symplectic
vector bundle is said to be smooth if the underlying vector bundle is smooth
and w varies smoothly with x E M.
The rank of a symplectic vector bundle is necessarily even. It can be
shown that a symplectic vector bundle is locally trivial: for each x E M,
there exists a neighborhood U C M and a commutative diagram
(Elu, L) U x (R"n
74 4 pi
U U
where, for each x E U, <D, : E.- (R2, Wo) is a symplectomorphism. The
structure group of a symplectic vector bundle is Sp(2n). Furthermore, every
symplectic vector bundle has the structure of a unitary vector bundle.
Lemma 1.16. Suppose (E, w) - M is a symplectic vector bundle. Then
there is a compatible complex structure J on E and a hermitian inner product
h on the complex bundle (E, J) -+ M given by
hx(u, v) = gx(u, v) - iwx(u, v)
where u,v E E,, x E M and g is an inner product defined by g(.,.) = w(., J.).
We say that (hi. J. h) - M is a compatible unitary structure.
This result can be seen as an extension of Lemma 1.13. It is due to
the fact that the unitary group U(n) is a maximal compact subgroup of
Sp(2n). So the structure group of a symplectic vector bundle can be reduced
to U(n). In particular, the classifiyng space of symplectic vector bundles
BSp(2n) is homotopy equivalent to the classifying space of unitary vector
bundles BU(n).
Definition 1.17. A Lagrangian subbundle of a symplectic vector bundle
(E, w) -+ M is a subbundle L -+ M such that L. is a Lagrangian subspace
of Ex for each x E M.
Definition 1.18. Suppose J is a complex structure on a vector space V.
Then a subspace L is said to be totally real if it has dimension dim L = dim V
2
and J(L) n L = {O}. A subbundle L -> M of a vector bundle E -+ M with
complex structure J is totally real if, for each x E M, Lx is a totally real
subspace of V.
Example 1.19. Recall that a Lagrangian subspace L of a symplectic vector
space (V, w) satisfies J(L) = L' where J is w-compatible and the orthog-
onality is with respect to the inner product given by g(.,.) = w(., J.). In
particular, J(L) n L = {O}. Hence, a Lagrangian subspace of a symplectic
vector space (I &) is totally real with respect to any w-compatible complex
structure.
Note that every symplectic vector space admits a Lagrangian subspace
but a symplectic vector bundle does not necessarily admit a Lagrangian sub-
bundle. We have the following result.
Lemma 1.20. Suppose E -+ M is a vector bundle with complex structure J.
Then L -+ M is a totally real subbundle if and only if the inclusion bundle
map t : L -+ E induces a complex vector bundle isomorphism
t C : L OR C - (E, J).
Recall that L OR C -+ M is the complexification of the bundle L -+ M.
Proof. The complex bundle map
L OR ~+ (E, J)
M
is given by
(x, v 0 (a + ib)) -+ (x, av + bJx(v)).
This is a complex vector bundle isomorphism if and only if
1. Jx(Lx) n L= {0} for each x c M. (The bundle map is injective.)
2. rank(L) = jrank(E). (The bundle map is surjective.)
So it is an isomorphism if and only if L is a totaly real subbundle of (E, w).
Corollary 1.21. Suppose (E, w) -+ M is a symplectic vector bundle and
(E, J, h) -+ M is a compatible unitary structure. If there exists a Lagrangian
subbundle L -+ M, then its complexification is isomorphic to (E, J) -+ M.
Proof. The Lagrangian subbundle is totally real with respect to the complex
structure J. Hence, we can apply Lemma 1.20. 0
1.3 Symplectic manifolds
A very important example of a symplectic vector bundle (E. L) -> M is the
case where the total space E is the tangent bundle TAI of Al and w is a
closed 2-form on M.
Definition 1.22. Let M be a 2n-dimensional smooth manifold. A 2-form
W E Q2 (M) is nondegenerate if and only if for every x c M, the bilinear form
w on TxM is nondegenerate. A symplectic manifold is a pair (M, w) where
M is a manifold and w is a nondegenerate closed 2-form on M.
Example 1.23. Let M - R2, with coordinates (i, -- - , XY1, - - - ,'yn). The
2-form wo = E 1 dxi A dyi gives R2n the structure of a symplectic manifold.
This corresponds to the standard symplectic vector space from Example 1.3.
If we use the identification R2n = C" given by Equation 1.1, the symplectic
form is given by wo = > E" dzi A dzi.
Note that the symplectic form wo from Example 1.23 is exact since every
closed form on R2" is exact. If (M, w) is a closed symplectic manifold, then
w cannot be an exact form. Indeed, the nondegeneracy condition on w is
equivalent to the condition that the top-form W^n E Q2n(M) is a volume
form on M. In particular, if M is a closed manifold and w = d#, then this
implies that w^n = d(w(- 1) A r). Hence, fM wAn - 0 by Stokes' theorem.
We get a contradiction.
Definition 1.24. Two symplectic manifolds (MO, wo) and (M1 , wi) are sym-
plectomorphic if there exists a diffeomorphism # : MO -+ M1 such that
#*wi = wo. The map # is called a symplectomorphism.
Definition 1.25. Suppose (M,Lw) is symplectic manifold. Then a vector
field X on M is said to be symplectic if its flow #t : M -+ M preserves the
symplectic form w.
Suppose X is a symplectic vector field on a symplectic manifold (M, W).
Let #t : (M, w) -+ (M, w) be the corresponding one-parameter group of
symplectomorphisms. Then
d
Exw = -#*wlt=dt
dt
EXw = 0 (1.2)
Therefore, a vector field X on (M, w) is symplectic if and only if it satisfies
the equation above. If we use the fact that w is a closed 2-form and the
identity
Lx dtx + txd
we can reduce Equation 1.2 to
dtxw = 0
Lemma 1.26. A vector field X on a symplectic manifold (M, w) is symplectic
if and only if the 1-form txw is closed.
We can construct symplectic vector fields on a symplectic manifold as
follows. For every element x of a symplectic manifold (M, w), the map
(W2)# : TXM -+ T*M
is an isomorphism. This induces a one-to-one correspondence between 1-
forms and vector fields. Given a function f E C (M), the differential df
is a 1-form. We get the corresponding vector field Xf(x) := (Wf)-1(dxf).
Equivalently, the vector field Xf is defined by txw = (If. This vector field
is indeed symplectic since the 1-form tXfw = df is exact aid, hence, closed.
Definition 1.27. Suppose (M, w) is a symplectic manifold and f E C (M).
The vector field Xf given by
txfw = df
is called the Hamiltonian vector field of f.
If X is the Hamiltonian vector field of a function f, we also say that f is
the Hamiltonian of X. Note that the Hamiltonian of a Hamiltonian vector
field is not unique. If M is connected, any two Hamiltonian functions of a
Hamiltonian vector field differ by a constant.
Example 1.28. Consider the symplectic manifold (R2 , wo) from Exam-
ple 1.23. For any f E C (R2n), the Hamiltonian vector field is
Xf= ( f a + Of a
E= Oxi Oyi 5yi Oxi
It turns out that every symplectic vector field on (R2n, wo) is a Hamiltonian
vector field. Indeed, if X is a symplectic vector field, the 1-form txwo is
closed by Lemma 1.26. Since every closed form on R2" is exact, we must
have txwo = df for some f E C (R 2n)
For instance, the constant vector field X = v E R 2n generates the one-
parameter group of translations
# n : R 2  R 2n
p - p+tv.
One can check that any translation map is a symplectomorphism. So, the
vector field X is Hamiltonian. If (ci, - - - , c, di, , dn) are the coordinates
of the vector v with respect to the basis (a- , , , -), then a
corresponding lamiltonian function is given by
f : R In R
n
p -+ ((-dx(p)+cixi(p)).
i= 1
Example 1.29. For any oriented surface, a symplectic form is simply an area
form. Hence, a two-dimensional symplectic manifold is simply an oriented
surface equipped with an area form. For instance, consider the unit 2-sphere
in R3.
S2 = {(x,y,z) E R3  2 + Y z2  }
We define a symplectic form on S2 as follows. For any p E S2, the tangent
space is given by
TS 2 = {u E R3 1 < u, p >= 0}
As before, < .,. > denotes the standard Euclidean inner product on R3 . The
symplectic form w is given by
TS 2 x TS 2 -+ R
(u,v) -+ < p, u x v >
for every p E S. Here, u x v denotes the standard cross product operation
in R3. One can check that w is indeed a smooth non-degenerate 2-form. In
fact, if we use cylindrical coordinates (r, 0, z), then the symplectic form is
locally given by w = dz A dO.
Theorem 1.6 states that the symplectic bilinear form of a vector space
can be expressed in a standard form. Thus, one deduces that symplectic
vector spaces of the same dimension are symplectomorphic. In the case of
symplectic manifolds, we can only claim that symplectic manifolds of a given
dimension are locally equivalent.
Theorem 1.30 (Darboux's theorem). Suppose (M, w) is a symplectic man-
ifold and p C M . There exist coordinates
(X1, - - - , n, Y1, -. - -,yn) : U -- R In
defined on a neighborhood U C M of p such that w = dxi A dyi.
Hence, all symplectic manifolds of a given dimension are locally sym-
plectomorphic. The coordinates (x 1,... , xn, Y1,... ,yn) are called symplectic
coordinates.
Example 1.31 (Cotangent bundles and the Liouville form). The cotangent
bundle T*M of a manifold M is an even-dimensional manifold. It has a
natural symplectic structure defined as follows.
Let 7r : T*M - M be the projection map. Consider r/ E T*M and
p = ir(7). Hence, r/ E T*M and
7F: To(T*M) -+ TM
We define a 1-form a E Ql(T*M) by
an(v) = r/(7r,(v)).
The 1-form a is smooth. In fact, given a coordinate chart (U, x 1,. .. ,n)
for M, we have the associated coordinate chart (T*U, x 1 ,.. . , X,1, -...,)
where, for 7 E T*U, ((1(r/), - - - , ((r)) are the coordinates with respect to
the basis (dxlIp, -.- , dxn 1p). Then, locally,
a - Z~,dxi
da = di A dxi.
The 1-form --da is closed and nondegenerate. Thus, it defines a symplec-
tic form on T*M. Note that the local coordinates (x 1 ,... ,x,, 1,... ,n)
are symplectic coordinates. The 1-form a is called the tautological form or
Liouville form.
Example 1.32. Consider the complex projective space CP" with homoge-
neous coordinates [wo wn]. The space CP' is covered by the open
sets
U = {[WO :--:wn] E CP" I wj 0
where j 0- -.. , n. Recall that CP" has the structure of a complex manifold
with coordinate charts
0j : U3 ___ C"
given by
Wi1Wi1 Wwo: - n] -+ (W ) - , - -1 (1.3)
for j = 0, .-- , n. As a real manifold, CP" has a symplectic structure w which
is locally given by
n
w =-8log(1 + Z ZkI2)2
k=1
on each set U. Here, (zi, - , zn) are the local coordinates on U given by
1.3 and 8, a are the corresponding complex differentials.
Definition 1.33. Suppose (M, w) is a symplectic manifold and L a smooth
manifold. An immersion f : L -* (M, w) is Lagrangian if, for each x E L,
the differential dxf maps TxL to a Lagrangian subspace of (Tf(x)M,oWf(x)).
Equivalently, the immersion is Lagrangian if and only if dim L = dim M and2f* = 0. If f is an embedding, f(L) is called a Lagrangian submanifold of
(M, w). For simplicity, we will also say that L is a Lagrangian submanifold
of (M, w) in the latter case.
In Lemma 1.9, it was stated that symplectomorphisms of symplectic vec-
tor spaces map Lagrangian subspaces to Lagrangian subspaces. An equiva-
lent result hold for symplectomorphisms of symplectic manifolds.
Lemma 1.34. Suppose #: (Mo, wo) - (M1, wi) is a symplectomorphism and
f : L -+ (Mo,wo) a Lagrangian immersion (embedding). Then the composite
map $ o f : L -+ (M1 , w1) is a Lagrangian immersion (embedding).
Example 1.35. Any one-dimensional submanifold of a 2-dimensional sym-
plectic manifold is Lagrangian.
Example 1.36. Consider the symplectic manifold (R2n, wO) from Example
1.23. The submanifold
R nx {0} = {p E R2n Iyi(p) = 0 for i = 1,... n}
is Lagrangian. In fact, this Lagrangian submanifold is just one example
from a particular category of Lagrangian submanifolds in (R2n, wo). Re-
call from Example 1.10 that, given a symmetric n x n matrix A, the set
{(u, Au)Iu E RI} is a Lagrangian subspace of the standard symplectic vector
space (R2 , wo). This suggests a way of constructing Lagrangian submani-
folds of (R2n, wo). Suppose f : R" -+ R is a smooth function and let Vf
be the corresponding gradient with respect to the standard metric on R2n.
Then, the submanifold
{(x, Vf(x))Ix E R } C (R2 ,nWO)
is Lagrangian. Indeed, for each x E R", the corresponding tangent space is
{(u, Hf (x)u)|u E R'} c (R2nWO).
The matrix Hf(x) is the Hessian matrix of f at x and, hence, is symmetric.
One can see that the Lagrangian submanifold R n x {0} mentioned earlier
simply corresponds to taking f to be any constant function.
Example 1.37. The real projective space RP" naturally embeds in CP:
RP" -+ CP"
[bo :-.-: bn] -+ [bo : -.-. : bn]
where bi E R for i = 0, -n. If we equip CP with the symplectic form
w defined in Example 1.32, then one can check that RP" is a Lagrangian
submanifold of (RP', w).
Example 1.38. Any closed Lagrangian submanifold of (R2n, wo) can be em-
bedded as a Lagrangian submanifold of any symplectic manifold (M 2n, W
This can be seen as follows.
By Darboux's theorem (Theorem 1.30), for any x E (M 2n, W), there is a
neighborhood U which is symplectomorphic to an open set V of (R2 , W
By translating and scaling, the manifold L can be embedded as a Lagrangian
submanifold of (R24, WO) such that L C V. Note that a scaling map is not a
symplectomorphism but it preserves Lagrangian submanifolds. Indeed, if
t : L - (JR2nW)
is the original Lagrangian embedding and
f : R2 " n R n
is a scaling imp for some non-zero A E R, we have
(f o t)*wo = t*(f*wo) = A2t*wo = 0
Therefore, the composition f o t : L -+ (R2 n, wo) is a Lagrangian embedding.
If we compose this with the symplectomorphism (V, wo) -+ (U, w), we get a
Lagrangian embedding j: L -+ (M, w).
Example 1.39. Let M be a smooth manifold. Consider the cotangent bun-
dle T*M with the symplectic structure w = -da of Example 1.31. If we
identify M with the zero section of T*M, then M is a Lagrangian submani-
fold of (T*M, w). More generally, a 1-form #3 E Qf(M) defines an embedding
#:M - T*M
X -+ (X,#(W)).
This embedding is Lagrangian if
/3w 0
a #*(da) =0
d#3*(a) =0.
One can check that #*a = /. Therefore, the embedding is Lagrangian if and
only if the 1-form # is closed.
In the case where M = R' with linear coordinates xi, , x, we get
that (T*M, w) is just the symplectic manifold (R2n, wo). A 1-form of R" can
be identified with a smooth map h : Rn -+I R n and the condition of being a
closed 1-form corresponds to the condition that h is the gradient of a smooth
function f : R" -+ R. Hence, we just get the results of Example 1.36.
Suppose (M, w) is a symplectic manifold and L C M a Lagrangian sub-
manifold. By Theorem 1.30, given any p E L, there exists a neighborhood
U of p in M which is symplectomorphic to a neighborhood V of p in T*L.
Here, T*L is equipped with the standard symplectic form and L is identified
with the zero section of T*L just as in the previous example. The following
theorem gives a stronger result.
Theorem 1.40 (Lagrangian embedding theorem). Suppose (M, w) is a sym-
plectic manifold and L C M a Lagrangian submanifold. Let WT*L be the
standard symplectic form on T*L. Then there exist a neighborhood U of L
in M, a neighborhood V of L in T*L and a symplectomorphism
4 : (U, w) -+ (V, WTL)
such that p(x) = x for all x E L.
1.4 Almost complex structures
In section 1.1, we defined the notion of a complex structure on a vector
space. We also showed that, given any symplectic vector space (V, w), there
exists a complex structure J on V compatible with w.(See Definition 1.11
and Lemma 1.13.) We will now give the corresponding definition and result
for symplectic manifolds.
Definition 1.41. An almost complex structure J on a even-dimesional man-
ifold M is a complex structure J, on each tangent space TzM which varies
smoothly with x E M. If (M, w) is a symplectic manifold. an almost complex
structure J is said to be compatible with w if and only if J, is compatible
with w, for each x E M.
Lemma 1.42. Suppose (M, w) is a symplectic manifold. Then there exists
an almost complex structure J compatible with w such that g(.,.) = w(., J.).
Given an almost complex structure J on a symplectic manifold (M, w),
we can determine the total Chern class c(TM, J) of the complex vector bun-
dle (TM, J) -+ M. Based on the following lemma, the total Chern class
c(TM, J) does not depend on J.
Lemma 1.43. The space of w-compatible almost complex structures on a
symplectic manifold is contractible.
Hence, given any two w-compatible almost complex structures Jo and
J1, the corresponding complex vector bundles (TM, JO) and (TM, J1) are
isomorphic. Indeed, by the above lemma, there is a continuous path of
w-compatible almost complex structures Jt on M joining Jo to J1. This
one-paramater family gives the vector bundle TM x I -+ M x I, a complex
structure J defined by
J:TMxI -+TMxI
(V) 0 -+ Jty V)
where 7r : TM -+ M is the projection map. Note that the restrictions of the
above complex vector bundle to M x {0} and M x {1} are (TM, Ja) and
(TM, J1) respectively. Recall the following result from algebraic topology:
Lemma 1.44. [1Oj Suppose M is a manifold and E -+ M x I is a real or
complex vector bundle where I = [0,1]. Then, the restrictions of the vector
bundle over M x {0} and M x {1} are isomorphic.
This implies that the complex vector bundles (TM, Jo) and (TM, Ji) are
isomorphic. We conclude that the the total Chern class c(TM, J) of the
complex bundle (TM, J) -+ M is independent of the w-compatible almost
complex structure J.
Just as in Definition 1.18, we can define totally real immersions and to-
tally real embeddings in a smooth even dimensional manifold M equipped
with an almost complex structure J.
Definition 1.45. Suppose J is an almost complex structure on a manifold
M. An immersion (embedding) L -+ M is totally real if for each x E L, the
vector space dfx(TxL) is a totally real subspace of Tf(x)M.
Note that Lagrangian immersions and embeddings in a symplectic mani-
fold (M, w) are totally real with respect to any w-compatible almost complext
structure.
1.5 Hamiltonian group actions and moment maps
We will now consider actions of Lie groups on symplectic manifolds that
preserve the symplectic structure. More precisely, we will look at a particular
class of these group actions, namely, the class of Hamiltonian group actions.
Under certain conditions, Hamiltonian group actions can be used to construct
new symplectic manifolds via an operation called symplectic reduction. Just
as before, we will mainly state the basic definitions and results. The reader
may consult [2] and [3] for the proofs. Also, basic notions of Lie group theory
and group action on smooth manifolds can be found in [121.
Definition 1.46. Suppose G is a Lie group acting on a symplectic man-
ifold (M, w). The action is said to be symplectic if, for each g E G, the
corresponding diffeomorphism
b: M -+ M
x - g.x
is a symplectomorphism.
If (M, w) is a symplectic manifold with a G-group action, then any el-
ement X of the Lie algebra g of G induces a vector field X on M given
by
d
X (x ) = #j/ex p(tx) - 1= for x C M
where exp : g -+ G is the exponential map of the Lie group. If the group
action is symplectic, we get a symplectic vector field since the corresponding
flow {$exp(tX)}tER consists of symplectomorphisms. Therefore, to every vector
X E g, we can assign the closed 1-form tkw.
Definition 1.47. The action of a Lie group G on a symplectic manifold
(M, w) is said to be Hamiltonian if there is a Lie algebra morphism
H : g -+ C (M)
X -* Hx
such that tw = dHx.
Here, the Lie algebra structure on the vector space C' (.1) is defined by
{.}:C' (M) x C' (M) -+R
(f, g) -+ (Xf, Xg)
where Xf and Xg denote the Hamiltonian vector fields of f and g respectively.
We see that, given a Hamiltonian G-group action on (M, w) and any
vector X of g, the induced vector field X is Hamitonian. In particular, the
corresponding flow {/exp(tX)}tE1R consists of symplectomorphisms.
If the group G is connected, the Hamiltonian group action is a symplectic
group action. This is due to the fact that any element g E G can be written
as a product
g = exp(X1)-- exp(X,) where Xi E g
So, the corresponding diffeomorhism @g can be written as
S= )exp(X 1 ) 0 ' 0 
4)exp(Xn)
We deduce that the map @g is a symplectomorphism since it is a composition
of symplectomorphisms. Hence, we can view a Hamiltonian group action of
a connected Lie group G as as a symplectic G-group action where the linear
map
g -> Q1(M)
factors as
g- C10(M) f
\ 4.d 4
Q1(M) df
Also, note that any element x of the manifold M defines a linear map
g -+- R
X -4 Hx(x)
In other words, we can assign to every x E M an element of the dual space
g* of g.
Definition 1.48. Let (M, w) be a symplectic manifold with a Hamiltonian
G-group action and corresponding Lie algebra morphism H : g -+ C (M).
Let
< .,.>: g*x g -4 R
(,X) -+ 77(X)
be the natural pairing for the Lie alebra g. Then, the smooth map P : M -+ g*
defined by
< t(x), X > = Hx(x)
for all x E M and X C g is called a moment map of the Hamiltonian group
action.
It can be shown that the map p : M -+ g* is G-equivariant with respect
to the Hamiltonian group action of G on (M, w) and the coadjoint action of
G on g*. That is
p(g - x) = Ad* (p(x))
for all g E G and x E M. Here, Ad* is the coadjoint map defined by g.
This results faiii requiring that the map H : g -+ C (M) is a Lie algebra
morphism.
Example 1.49. Suppose f is a smooth function on a svmplectic manifold
with Hamiltonian vector field Xj. The corresponding flow of symplecto-
morphisms {#O}tt defines a group action of R on (M, w). This action is
Hamiltonian with moment map f M -+ R.
Example 1.50. The group S {w E C I |w| 1} acts on (Cn+ 1, wo) via
w - (zo, - - .,z") = (wzo, - -- ,wzn)
This action is Hamiltonian with moment map
i n
p(zo, --- ,zn) = | , zk|2
k=O
Suppose ( is a regular value of the moment map p of a Hamiltonian G-
group action on (M, w). If p-1(() is non-empty, it is a smooth submanifold
of M. Let G c G be the stabilizer of ( with respect to the coadjoint action.
Then, the equivariance of t implies that
p(9.-x) =Ad* (p (x))
=Ad*(()
for all g E G and x E y '((). Thus, the action of G preserves p1(c). We
will now state the symplectic reduction theorem.
Theorem 1.51. [3] Suppose there is a Hamiltonian G-group action on (M, W)
with moment map p : M -4 g*. Suppose ( is a regular value of the moment
map p such that its stabilizer G acts freely on p-1 ((). Then the smooth man-
ifold p-'( )/G has a natural symplectic structure o- defined by r*o = tOw
where 7r :p 1({) -+ p-'()/G is the projection map and t : p-t( ) -+ M is
the inclusion map.
Example 1.52. Consider Example 1.50. The dual Lie algebra of S1 is iso-
2
morphic to R. For any r $ 0, the number L- is a regular value of p and
At- 1(jr 2 ) is S n+l, the (2n + 1)-sphere centered at the origin with radius r.
S1 is an abelian group. So the isotropy subgroup of L is the whole group.
The space S2n+1/51 is the complex projective space CPn. The symplectic
structure is r2W where w is the form defined in Example 1.32.
Given a Hamiltonian G-group action on a symplectic manifold (M, W),
we can construct Lagrangian submanifolds of (M, w) as follows. Let ( be
a regular value of the moment map p with stabilizer G = G. Suppose we
can construct the symplectic manifold (p 1t'()/G, a). Given a Lagrangian
submanifold L of (p- 1()/G, a), consider the preimage 7r- 1 (L) c p- 1 (().
This set is a smooth submanifold of p-1(). Let j : r 1 (L) - M be the
inclusion map. Then we have j*w = 0. Indeed, we have the commutative
diagram
7r-'(L) "+
7r 4 I-7r
L "+pV (/
where v and F. are inclusion maps. This implies that
j*W= (to D))*w
#, j*w *tw
Based on the definition of the symplectic form u, we can rewrite the previous
equation as
j*W = (7rro)*(U)
-0
The last equation simply follows from the fact that L is a Lagrangian subman-
ifold of (pa()/G, o). So we do get j*w = 0. Furthermore, the dimension of
71(L) is given by
dimr 1(L) = dim L +dim G
since 7r-(L) is a principal G-bundle over L. Note that
dim L = dimp-1 ()/G2
z dim L = dimM-2dimG
2
dim M
Sdim L = -dim G2
Hence, the manifold 7r- 1 (L) has dimension dimM. The set 7r- 1(L) is a La-
grangian submanifold of (M, w).
Example 1.53. Consider Example 1.52 with r = 1 for simplicity. As men-
tioned in Example 1.37, RP' is a Lagrangian subniilfold of (CP",W).
Hence, 7r'(RP") is a Lagrangian submanifold of (Cn+1 , wo). The mani-
fold 7r- 1 (RP") consists of the set of points (zo,.. , zn ) of 52n+1 c Cn+1
such that there exists A E S1 with A - (zO,. .- - , zn) = (XO, . - - , Xn) where
xi E R. From this we see that Tr- 1 (RPn) is isomorphic to (S x §S)/ ~ where
(z, x) ~ (-z, -x). The Lagrangian embedding is given by
(S91 X 9")/ ~--+ Cn+1
{z, x} - zx.
2 Lagrangian immersions
One of the basic problems in symplectic geometry is the following: Given a
sympletic manifold (M, w), what manifolds can be embedded as Lagrangian
submanifolds in (M, w)? Before addressing this problem, we will first con-
sider the simpler case of Lagrangian immersions. We start out this section
by giving some topological results for Lagrangian immersions that are simply
due to the fact that a Lagrangian subbundle of a symplectic vector bundle is
totally real with respect to any compatibe complex structure ([11]). We then
state Gromov's h-principle which gives a homotopy classification of the space
of Lagrangian immersions. We will not give a proof of the li-principle. (We
refer the reader to Gromov's paper [7] and Eliashberg's book [6].) Instead,
we list some simple consequences of the h-principle for Lagrangian immer-
sions in (C",wo) ([2]).
Suppose f : L -+ (M, w) is a Lagrangian immersion. Pulling back via
the map f, we get the symplectic vector bundle (f*TM, w) -+ L over L.
Furthermore, the bundle map
TL 2f f*TM
L L
embeds TL as a Lagrangian subbundle of f*TM. The following result is a
direct consequence of Corollary 1.21.
Lemma 2.1. Let (M 2,, w) be a symplectic manifold and J an almost complex
structure compatible with w. If f : L" n (M,w) is a Lagrangian immersion,
then the pullback bundle (f*TM, J) -+ L is isomorphic to the complexification
of the tangent bundle of L.
Note that Lemma 2.1 implies that c(f*TM) = c(TL OR C). These
are the total Chern classes of the complex vector bundles TL oR C and
(f*TM, J) respectively. In particular, since c(f*TM) = f*c(TM) and the
odd-dimensional Chern classes of a complexified vector bundle are zero, we
get that f*ci(TM) = 0 if i is odd. The following is also a consequence of
Lemma 2.1.
Corollary 2.2. Suppose L is an oriented manifold and f L -+ (M,w) a
n(n 1)LagrangZan immerston. Then v(f) is isomorphic to (-1) 2 TL as oriented
vetor bundles.
Here, v(f) -+ L is the normal bundle of the immersion f. It is ori-
ented as follows. First, we equip the vector bundle TM with the orienta-
tion induced by J: if (ei, - -- , en) is a basis of the complex fiber (TXM, Jr),
for x E M, then (ei, Jei, - - - , e1 , J.en) is an oriented basis of the real
fiber T M. The ordered list of vectors (wi, - - , wn) is an oriented basis
of v(f), for x E L if and only if, given any oriented basis (vi, Vn) of TxL,
(dxf (vi), - - - , dxf (vn), W1 , - - - , wn) is an oriented basis of (f*TM)x.
Proof. Consider the real vector bundle map
(b : TL - f*TM
(x ,v) Jf (x)dfx (v)
Hence, for each x E L, (bx maps TxL to Jf(x) o dfx(TxL). Since dfx(TxL) is a
Lagrangian subspace of Tf (x)M for every x E L, we see that Jf(x)odfx(TxL) is
perpendicular to dfx(TxL). Here, the orthogonality is with respect to the real
inner product induced by w and J. Hence, the map <b gives an isomorphismm
TL ~_ v(f) as unoriented vector bundles. Now, if we take into account the
orientations of these bundles, we see that an oriented basis (vi,. -, v,) of
TxL gives the oi'iented basis
(dxf (vi), J/(x)dxf (vi), ) dx f (on), Jf(xy dxf (on))
of (f*TM))x. After n(n1 ) transpositions, we get the basis
2
Based on the orientation convention for v(f), we deduce that the ordered list
((-1) 2 Jf(.) dxf(vi), - J(xy dxf(v,)) gives an oriented basis of v(f)x for
every x E L. We conclude that the bundle map <b gives an isomorphism
n(n 1(-1) 2 TL ~v(f) as oriented vector bundles. El
Consider the case where the symplectic manifold is the space C" equipped
with the standard symplectic structure wo. For any nmp f : L -+ C,
the pullback symplectic vector bundle (f*TCl wo) = L x (Cn, Wo) -+ L is
trivial. Hence, if a manifold admits a Lagrangian immersion in (C", wo),
its complexified tangent bundle must be trivial by Lemma 2.1. Gromov's
h-principle implies that the converse is true.
Theorem 2.3. /71 A closed manifold L" admits a Lagrangian immersion in
(C", wo) if and only if its complexified tangent bundle is trivial.
Before stating the h-principle of Gromov and giving a proof of Theo-
rem 2.3, we will list some implications of this theorem.
Corollary 2.4. For any stably parallelisable closed manifold L of dimension
n, there exists a Lagrangian immersion L -+ (Cn, wo).
Recall that a manifold L is stably parallelisable if the tangent bundle is
stably trivial: For some nonnegative integer k, the bundle TL 9(L x Rk) -+ L
is trivial.
Proof. Suppose L" is a stably parallelisable manifold. A real vector bundle
isomorphism
TL D (L x R") -+ L x Rn+k
L
induces a complex vector bundle isomorphism
(TL® oC) e (L x Ck) - L x Cn+k
L
If a complex vector bundle E -- L of rank r > dimL is stably trivial, then it
is trivial ([9]). Hence, TL OR C - L is a trivial complex vector bundle. We
get our result by applying Theorem 2.3.
Example 2.5.
1. Any n-dimensional Lie group G admits a Lagrangian immersion in
(Ca, wa) since the tangent bundle of a Lie group is trivial: Let g TeG
be the Lie algebra of G. Then the bundle map
TG -+ G x g
(g, v) -+ (g, d L,- 1(v))
is an isoluorphism. Here, L9-1 : G -+ G is the left translation map by
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2. The unit sphere Sn c Rn+ 1 is stably parallelisable for every n E N.
Indeed, the bundle map
S" x Rn+ 1 -- TS"e R
(x,v) -+ (x,v- < x,v > x)
is an isomorphism. As in the previous sections, < .,. > denotes the
standard inner product on Rn+1. Corollary 2.4 implies that there is a
Lagrangian immersion of S" into (Ca, wo). For instance, if we view the
n-sphere as the set
S" {(E, y) E Rn x IR | 11 I2 + y2 1
then the map
Sn -+ Cn
(zy) --+ Z=(1+iy).-=( 1iiy- ,on+ iony)
is a Lagraiigian immersion. This map is called the Whitney immersion.
3. Any orientable surface E E R3 is stably parallelisable. Just as in the
previous case, we can use a normal vector field to construct a bundle
iomorphism TE (R -+ E x R3 . Thus, E admits a Lagrangian immersion
in (C4, oo).
We will now introduce the h-principle of Gromov. We start out by re-
calling the notion of a 1-jet bundle and of a differential relation on a 1-jet
bundle. The following definitions are taken from [6] and [18].
Definition 2.6. Suppose En+k 1+ M' is a smooth fiber bundle. For any
p E M, denote by Fp(7r) the set of sections of the fiber bundle which are
defined on a neighborhood of p. Then two local sections #, b E Fp(7r) are
said to be 1-equivalent at p if #(p) = O(p) and dp# = dp@. The equivalence
class containing E Fp(7r) is called the 1-jet of # at p and is denoted by j#.
Suppose V is a neighborhood of p E M and
(xi, ua) : Tr-1(U) -+ R x R k
xi : U R n
is a local coordinate system for the bundle. It can be shown that, if the local
sections #,,0 C 1p(7r) satisfy #(p) = $(p), then the condition dp# = dp@ is
equivalent to
_(u" 
_ # O(u a o 0)
8x P xi
for 1 < i < n and 1 < a < k. Using this, one can prove the following.
Lemma 2.7. Suppose En+k 4 M" is a smooth fiber bundle. Then the set
JE = {jf1p E M, 0 E Fp(7r)}
is a smooth manifold of dimension n + k + nk and is called the first jet
manifold of the bundle. In fact, the map
7r1 : JE -+ M
j#-+ p
gives JE the stucture of a smooth fiber bundle over M. Furthermore, there
is a well-defined projection map
ri,o : J1 E E 
Definition 2.8. A section f : M --+ E of the bundle En+k 14 M' induces a
section
j 1 f : M E JE
p --+ j1 f
of the bundle JE 14 M. This section is called the 1-jet extension of f.
Conversely, a section F : M -* JE induces the section
bsF =-rio o F : M -+ E.
The section F is said to be holonomic if F = j"(bsF).
Example 2.9. Let L and M be smooth manifolds. Consider the trivial
fibration E - L x M - M. A section of this bundle simply corresponds to a
map f : L -+ M. Consequently, the fiber (J1 E), over a point p E L is a triple
(p, q, A) where q E M and A : TL -+ TM is a linear map. Furthermore, a
section of JE --> M can be identified with a bundle map
TL 4 TM
L 4 M
This section is holonomic if <D = d#.
Definition 2.10. A differential relation of order 1 for a a smooth fiber bundle
E -+ M is a subset R of the first jet manifold JE. A formal solution of
the differential relation R is a section F : M - R c J E. The solution
is said to be genuine if F is holonomic. The space of formal solutions for a
differential relation R will be denoted by SecR.
For any r E N, we can define the r-jet space of a fiber bundle and the
notion of a differential relation of order r. But, for our purpose, we only need
to consider the case where r = 1.
Example 2.11. Consider the trivial fibration E L x M -+ M from Ex-
ample 2.9.
1. If dim L < dim M, we can define the immersion relation Rimm. A
formal solution can be identified with a fiberwise injective bundle map
TL &-TM
4 4 (2.1)
L4 M
Furthermore, one can see that genuine solutions are simply immersions
L -+ M.
2. Suppose (M 2,, W) is a symplectic manifold and dim L = n. We can
define the relation Rig c Rimm. A formal solution of Riag can be
identified with a fiberwise injective bundle map just as in 2.1 but with
the additional requirement that the bundle map <D maps each tangent
space TL to a Lagrangian subspace of Tp(,)M. A genuine solution of
the differential relation is simply a Lagrangian immersion L -+ (M, w).
Based on the previous example, we see that the problem of existence
of Lagrangian immersions L -+ (M 2n, W) can be reformulated as a problem
of existence of genuine solutions of the differential relation Riia. For any
fiber bundle E -+ M and a differential relation R, the existence of a for-
mal solution is a necessary condition for the existence of a genuine solution.
The problem of existence of a formal solution is a simpler and homotopy-
theoretical problem. Furthermore, it turns out that, for many differential
relations, the existence of a formal solution is a sufficient condition for the
existence of a genuine solution.
Definition 2.12. [6] A differential relation R is said to satisfy the h-principle
if every formal solution of R is homotopic in SecR to a genuine solution of
R.
Theorem 2.13. [6],[7] Suppose (M 24, w) is a symplectic manifold where w is
an exact form. Then, for any n-dimensional manifold L, the corresponding
differential relation Ziag satisfies the h-prnciple.
Proof of Theorem 2.3. The above theorem implies Theorem 2.3. In-
deed, the symplectic form wo on C" is exact. Furthermore, since the sym-
plectic vector bundle (TC", wo) -+ C" is trivial and any map L -- C" is
homotopically trivial, we see that any formal solution for the corresponding
relation Riag can be homotoped in SecRlag to a formal solution of the form
TL - {*} x (C", wo)
L *
where * is some point in C". Hence, we see that the problemi of existence of
Lagrangian immersions L -+ (C", wo) reduces to the problem of existence of
Lagrangian bundle maps
TL -+ L x (C' wo)
(2.2)
L.
It can be shown that the existence of a totally real bundle map
TL -+ L x (C" i)
(2.3)
L
implies the existence of a Lagrangian bundle map such as 2.2. This is essen-
tially due to the fact that the space of Lagrangian subspaces in (C", wo) is a
deformation retract of the space of totally real subspaces of C". Finally, we
apply Lemma 1.20. A totally real bundle map such as 2.3 exists if and only
there exists a complex vector bundle isomorphism
TLO®C - LxC"
L.
This completes the proof. E
For a general symplectic manifold (M, w), the following version of the h-
principle holds.
Theorem 2.14. [6j, [7j Let (M 2n,w) be a symplectic manifold and L' a
closed manifold. Then the corresponding differential relation Riag satisfies
the h-principle if the condition [<*w] = 0 E H 2( L; R ) is imposed on the set
of formal solutions
TL 4 (TM, )
L -2 M
of Rlag.
We end this section with a result which basically states that Lagrangian
immersions in (C", wo) can be used to construct Lagrangian embeddings in
(Cn+r, wO) for any r > 1. We refer the reader to [2] for the proof.
Definition 2.15. Two Lagrangian immersions fo, fi : L -+ (M, w) are said
to be -regularly homotopic if there exists a smooth homotopy
F : L x [0, 1] -+ (M, w)
such that ft = F(., t) is a Lagrangian immersion for each each t E [0,1].
Lemma 2.16. Suppose f : L -* (C", wo) is a Lagrangian immersion and
g : W -4 (Cr, wo) is a Lagrangian embedding where L and W are both closed
manifolds. Then there is a Lagrangian embedding L x W -4 (Cn+r, wo) which
is i-regularly homotopic to f x g.
3 Lagrangian embeddings
In this section, we consider the Lagrangian embedding problem. We start
out by listing some simple topological properties of Lagrangian submanifolds
which follow directly from the previous results. Then, we outline a proof of
Kawashima's theorem which states that there is no Lagrangian embedding
S§ -+ (CnI w) if n / 1, 3 and w is any symplectic form on C'. These results
are from [2] and [11].
Lemma 3.1. Let (M,w) be a closed symplectic manifold and t : L -+ M
a Lagrangian embedding of an oriented closed manifold L. Consider the
homology class a = t.([L]) where [L] is the fundamental class of L. The
self-intersection number of the Lagrangian L is given by
where x(L) is the Euler characteristic of L
Proof. The self-intersection number of L is a -a =< PD(a), a > where
PD : H,(M : Z) - H"(M : Z)
is the Poincare duality isomorphism. Recall that t*(PD(a)) = e(v(L)) is the
Euler class of the normal bundle of L in M. From Corollary 2.2, we know
that
n(n-1
v(L) (-1) 2 TL
as oriented vector bundles. Hence,
t*(PD(a)) = e(v(L)) (-1) 2 e(TL)
and we get
a -a =< PD (a), t[L] >
Sa - a =< t*(PD(a)), [L] >
n(n- 1)aa < e(TL), [L] >
=a - a = (-1 x(L).
This completes the proof. Li
Corollary 3.2. If L is an orientable smooth n-manifold which admits a
Lagrangian embdedding into (C",wo), then
X(L) = 0.
In particular, this implies that the only closed orientable surface that admits
a Lagrangian embedding in (C4, wo) is the torus S' x S'.
Proof. In Example 1.38, we showed that any Lagrangian submanifold L in
(Cn, wo) can be embedded as a Lagrangian submanifold of any closed sym-
plectic manifold (M, w). Furthermore, the self-intersection number of this
induced Lagrangian submanifold in (M, w) is zero since the image of the fun-
damental class [L] in H,(M) is zero. Hence, we get the result by applying
Lemma 3.1. 
In the last section, we showed that Sn admits a Lagrangian immersion in
(C"n, wo) for any n E N. This is not the case for Lagrangian embeddings.
Theorem 3.3. If n $ 1, then S" cannot be embedded in (C", wo) as a La-
grangian submanifold.
This result follows from an important theorem of Gromov which was ob-
tained by using the theory of pseudo-holomorphic curves. (Consult e.g. [2]
for the definition of a pseudo-holomorphic curve.) Before stating this theo-
rem, we need to define the symplectic area class of a Lagrangian immersion
in (C", wo).
The standard symplectic form wo = dxz A dy2 can be written as w = dA
where A = x'dy'. Suppose f : L - (C", wo) is a Lagrangian immersion.
Then the 1-form f*A E Q'(L; R) is closed since df*A = f*dA = f*w = 0.
Definition 3.4. Let A be be the 1-form Z x'dy' on C". Given a Lagrangian
immersion f : L -+ (C, wo), the cohomology class wo(f) = [f*A] E H'(L; R)
is called the symplectic area class of f. The Lagrangian immersion is said to
be exact if wo(f) = 0 E H'(L; R).
If f : L -+ (C"n, wo) is an exact Lagrangian embedding, we will simply say
that L is an exact Lagrangian submanifold of (Cn, Wo).
Theorem 3.5. [8] There are no closed exact Lagrangian submanifolds of
(C, wo).
Theorem 3.3 follows from Theorem 3.5 since H 1(S', R) = 0 if n $ 1.
In particular, a Lagrangian embedding f : S" -+ (Cn, wo) would imply that
wo(f) = 0, thus contradicting Theorem 3.5.
We will now give the outline of a proof of Theorem 3.3 for the case n fL 1, 3
which only uses algebraic and differential topology and which applies to any
symplectic structure on Cn.
Theorem 3.6. [11] For n $ 1, 3, the sphere S" does not admit a Lagrangian
embedding in (C', w) where w is any symplectic structure on C".
Outline of the proof: First note that, for w = wo, we can already rule
out the case where n is even by using Corollary 3.2: x(S") is 0 for n odd and is
2 for n even. We will now show that the existence of a Lagrangian embedding
of the n-sphere in (C", w) implies that its tangent bundle is trivial. Recall
that we are using the identification C" = 2n given by
(Zi, - - - , zn) -+ (Xi, - - - Xn, Y1, --- ,yn) (3.1)
where z, = xj + iyj. If we view the n-sphere as
n~~~~ ~ ~ (X,. , .J 22n+1S"={x, on 1)| + - - -+ 241 = 1} c Rn+
the standard embedding in C" is given by
t : S" -+ C" = R 2n
(Xi, --- ,Xn+1) --+ (X1, - -* , Xn+1, 0, - -,0)
Suppose there is a Lagrangian embedding f : S" -+ Cn. Smale proved that
any embedding of Sn in Cn is regularly homotopic to t ([19]). That is, there
exists a smooth map
F : S" x I _, C"2
such that F = t, F = f and F : S" -+ C" is an immersion for every t E I.
This smooth homotoy induces a smooth bundle map
TS' x I 4 (S" x I) x C"
S" x I = S" x I
given by
((x, u), t) (x, t, dxft (u))
(X, t) (X, t)
where u E TxS", X E S". Since the bundle map <D is injective on each fiber,
we can construct the corresponding normal bundle E -+ qn x I. We have
EIln{ 0} = v(t) and Elsnx{i} = v(f). By Lemma 1.44, this implies that v(t)
is isomorphic to v(f). Since f is a Lagrangian embedding, we get
v(t ) ~- v( f) ~TS"'.
by Corollary 2.2
The vector bundle v(t) is trivial. Indeed, recall that, for x E 5n, the tangent
space is given by
TxS" = {u E R n+l < X, U >= 0}
where < .,. > is the Euclidean inner product. Hence, a trivialization of the
real bundle v(t) is given by
En x R' -+ v(t) C S" x R 2n
S n Sn
(X, (ai,--, an)) --+ (aix1, ..-. , alXn+1, a2, - ,an)
where x = (X1, -- , xn±1) E S. Therefore, the existence of a Lagrangian
embedding of S" in Cn implies that the tangent bundle of S§ is trivial. Recall
that the tangent bundle TS" of the n-sphere is trivial if and only if n 1, 3
or 7 ([10]). Hence, S" does not admit a Lagrangian embedding if n $ 1, 3
or 7. Note that this proof is based on the fact that a Lagrangian embedding
is totally real with respect to an w-compatible almost complex structure. In
particular, in the case where we use the standard symplectic structure wo
and the standard complex structure i on Cn, we get the following.
Theorem 3.7. There is no totally real embedding S" -± C" if n / 1, 3 or 7.
To finish the proof of Theorem 3.6, we need to rule out the case n = 7.
First, we need to define the Lagrangian Grassmannian.
Definition 3.8. The Lagrangian Grassmannian A, is defined to be the set
of all Lagrangian subspaces of (Cn, wo).
In the case n - 1, the Lagrangian Grassmannian is simply the set of all
lines in R2 . So it is the set A1 = RP ~ S1. In general, the following holds.
Lemma 3.9. The Lagrangian Grassmannian An can be identified with the
homogeneous space U(n)/O(n).
This identification gives An the structure of a smooth manifold. Using
this result, we will now finish outlining the proof of Theorem 3.6. For each
n E N, we will denote by G2n,, the Grassmannian of all real n-dimensional
subspaces of R2n = C". Let jn : An - G2n,n be the natural inclusion
and let j,, : -r(An) -+ 7r(G 2n,n) be the corresponding homomorphism on
the n-th homotopy groups. Suppose w is any symplectic structure on C'.
The symplectic vector bundle (TC", W) -* C' is trivial. Indeed, recall that
symplectic vector bundles (E, w) -+ M over a manifold M have stucture
group Sp(2n). Therefore, they are classified by homotopy classes of maps
M -+ BSp(2n) where BSp(2n) denotes the classifying space of the group
Sp(2n). Since any map C' -s BSp(2n) is homotopically trivial, we deduce
that any symplcetic bundle over C" is trivial. Now, given an embedding
f :§S -+ C", we can use a trivialisation of the symplectic vector bundle
(TC", w) -+ C" to define the Gauss map f : S -4 G2n,n which maps each
x E S' to the corresponding tangent plane dfx(TxS"). If f is Lagrangian, the
map f factors as
S" - An -4 G2n,n
Hence [f] E Im(js). Note that [f] = [T] where i is the Gauss map for
the standard embedding t: a regular homotopy between f and t induces a
homotopy between f and T.
In [11], the homomorphisms j., : rn(An) -+ 7rn(G2n,n) are computed for
the cases n = 3, 7. It is shown that:
1. The group 7r3(A3) is isomorphic to Z4. The groups 7r(A 7), 7r3 (G6 ,3) and
7r7(G14,7) are all isomorphic to Z2.
2. j* : 7r3(A3) -+ rr3(G6,3) is surjective.
j, :ry(A7) - 7r(G14,7) is the zero map.
3. [T] is the generator of wrn(G 2n,n) for n = 3, 7
We now see that there cannot be a Lagrangian embedding f : S' - (C', w).
Indeed, on one hand, this would imply that [f] = [T] is the generator of
7r7 (G 1 4 ,7). In particular, [f] would be non-zero. But, on the other hand, the
fact that [flE Im(j,) and j, : r(A7) - ir7 (G14,7) is the zero map would
imply that [f] - 0. So we get a contradiction and this completes the proof.LI
Note that we could not rule out the case n = 3. In fact, Mueller showed
that there exists a symplectic structure w on C3 for which S3 admits a La-
grangian embedding in (C3, W) (14]).
We finish this section by giving a proof of Lemma 3.9.
Proof of Lemma 3.9: Recall that the standard Hermitian inner product
can be written as
(., .) = < .,.> - (,.
where < .,. > is the standard Euclidean product on R2n. From this relation,
we see that an orthonormal basis {ei, - - - , e,} of a Lagrangian subspace L de-
termines a unitary basis for the complex vector space Cn. Conversely, the real
vector space spanned by a unitary basis determines a Lagrangian subspace of
Cn. This implies that the standard action of the unitary group U(n) on Cn
induces a transitive action on An. The stabilizer of the Lagrangian subspace
Rn x {0} under this group action is O(n). Hence, An-~ U(n)/O(n).D
4 Monotone symplectic manifolds and mono-
tone Lagrangian submanifolds
In the last two sections, we listed some topological properties of Lagrangian
immersions and embeddings. Most of these results are obtained by using
tools in differential and algebraic topology and are simply due to the fact
that a Lagrangian immersion (embedding) L -+ (M, w) is totally real with
respect to some w-compatible almost complex structure J. Symplectic topol-
ogists have to nlv on more complex tools such as pseudo-holomorphic curves
analysis and Fluer (co)homology so they can obtain other topological re-
strictions on Lagrangian submanifolds. In order to apply these advanced
methods, certain conditions are imposed on the symplectic manifold or La-
grangian submanifold. For instance, these manifolds are often required to be
monotone. In this section, we will define this concept as well as the concept
of the Maslov number of monotone Lagrangian submanifolds. We start by
giving these definitions in the case where the symplectic manifold is (C', wo).
We give examples of monotone Lagrangian embeddings in (Cn, wo) and state
Polterovich's theorem which gives a restriction on the possible values of the
Maslov number for monotone Lagrangian embeddings [. -+ (C, wo) ([16]).
Finally, we give a definition of monotonicity for general syiplectic manifolds
and give some examples. The definitions and results listed here are mostly
taken from [2], (15] and [161.
In the previous section, we introduced the Lagrangian Grassmannian An
and showed that it can be identified with U(n)/O(n) (Lemma 3.9). Consider
the determinant map U(n) -+ S1. It gives U(n) the structure of a SU(n)-fiber
bundle over S1. This map does not factor through as a map U(n)/O(n) --+ S'
but the map
det 2 : U(n)/O(n) -+ S1
[A] -+ (detA) 2
is well defined. This is a fiber bundle with fiber SU(n)/SO(n). Consider the
homotopy long exact sequence of the fibration
SO(n) -+ SU(n) - SU(n)/SO(n)
Since SU(n) is simply-connected and SO(n) is connected, SU(n)/SO(n) is
simply-conneted. Finally, using the homotopy long exact sequence of the
fibration
SU(n)/SO(n) -+ U(n)/O(n) detS
we deduce that the det 2 map induces an isomorphism.
7ri(An) = ri(U(n)/O(n) *) d ri(Si) ~ Z
Definition 4.1. The universal Maslov class is the generator of the cohomol-
ogy group H 1(An; Z)= Hom(7ri(An), Z) ~ Z given by
pn =(det2 )*a
where a is the generator of H1 (S1 ; Z).
Suppose f : L -+ (C', wo) is a Lagrangian immersion. As in the previous
section, we can construct the Gauss map. The image of the map will be a
subset of A, since f is Lagrangian.
f : L -* A,
x -* f.(TxL)
Definition 4.2. Suppose f : L --+ (C", wo) is a Lagrangian immersion andf : L -+ A, the corresponding Gauss map. The pullback f*p = p(f) is
called the Maslov class of the immersion f. The Maslov number N(f) is the
non-negative generator of the subgroup pt(f)(H 1 (L)) C Z.
In the case where f : L - (Cn, wO) is a Lagrangiam embedding, we will
sometimes use the notations PL and NL instead of u(f) and N(f) for the
Maslov class and the Maslov number respectively. It can be shown that
the Maslov class has the following additive property: If fi : L -+ (C"l ,wo)
and f2 : L -+ (Cn2, wo) are Lagrangian immersions, then the Maslov class
of the induced Lagrangian immersion fi x f2 : Li x L 2 -+ (Cnl+n2, wo) is
given by p(f) = p(fi) + p(f2) E H1(L1 x L2 ;Z) = H1 (L1; Z) E H'(L2 ; Z).
Also, note that the Maslov class of a Lagrangian immersion only depends on
its -regular homotopy class. Indeed, if f, g : L -+ (C", wo) are 1-regularly
homotopic Lagrangian immersions, the -regular homotopy
F : L x I - (C", wo)
induces a homotopy
F : L x I -+ An
of the Gauss maps f,9 : L -+ An and, hence, p(f) = p(g).
Example 4.3. If we view S1 as the set {z E Cj z- - 1}, then the map
S-- C
Z -+ Zn
is a Lagrangian immersion for each n C Z. The Maslov class is
p(f) : H1 (S) ~Z -+ Z
1 -+ 2n
Indeed, if we use the parametrisation R -* S, t -+ e27it, the Gauss map sends
each t E R to the real line spanned by the vector (-sirn(27rnt), cos(27rnt)) in
R2. The class p(f) is given by f*pn = (f o det2)*dt. The composite f o det2
is the map
Si - S1
e27it - _e 4 int e2ri(2nt+)
Hence, we deduce that pi(f) 2ndt and m(f) = 2n. Finally, given any
embedding t : S' -4 (C,wo), the Maslov number is 2. Indeed, the embed-
ding defines a simple closed curve C in R2 . Suppose - : [0, 1] -+ R 2 is a
parametrization of the curve. Let 0(t) be the counterclockwise measured
angle from the positive x-axis to the vector L at t. Then, in terms of thedt
parametrizaton, the Gauss map is given by
[0,1)] S' ~ A1
t e )
The Maslov class p(t) is defined by
1F d6p(t)([S']) = 2
The last equation follows from the Theorem of turning tangents (see [5]).
The sign ± depends on the orientation of the curve. Therefore, the Maslov
number is 2.
Example 4.4. If L is an oriented manifold of dimension n, then given any
Lagrangian immersion f : L -+ (Cn, wo), the corresponding class p(f) is even:
it maps H1 (L) to 2Z. This can be seen as follows. Consider A, the space of
oriented Lagrangian subspaces of V = (R 2, wo). This set A, can be identified
with U(n)/SO(n). In fact, the determinant map induces a well-defined map
det : U(n)/SO(n) - S'
[A] -+ detA
which gives X., the structure of a SU(n)/SO(n)-fiber bundle over S'. Just
as in the case for An, we can use the homotopy long exact sequence of the
fibration to show that we have an isomorphism
7ri(An) = 7ri(U(n)/SO(n) (det 2 )) ri(S') Z
On the other hand, note that the map A, A A, which sends an oriented
Lagrangian subspace of V to the underlying Lagrangian subspace gives a
double cover of An. Furthermore, the Gauss map f of f factors as
L -+ A, 4 An.
Applying the H 1 functor, we see that the induced map f* factors as
H 1(A,; Z) -+ H 1(A ,; Z) -+ H'(L; Z)
Hence, p(f) is even since the homomorphism H1(An; Z) - H'(L; Z) simply
corresponds to
Z --> Z
1 - 2
We can now give the definition of monotone Lagrangian embeddings in
(C", wo). In the previous section, we defined the symplectic area class of a
Lagrangian immersion f : L - (C", wo).
Definition 4.5. A Lagrangian immersion f : L -+ (C", wo) is said to be
monotone if p(f) - cw(f) for some real number c > 0.
If f : L -+ (Cn, wo) is a Lagrangian embedding, we will say that L is a
monotone Lagrangian submanifold.
Example 4.6. The Whitney immersion f : Sn -+ (C, wo) is trivially mono-
tone since p(f) = 0 and w(f) = 0. For n > 1, this is due to the fact that
H((S") = 0. For n = 1, we get the result by doing a simple computation.
Example 4.7. The torus T" - {(zi, ... , z ) E C" I|zi = r} is a monotone
Lagrangian submanifold of C" for any r > 0: If we represent the torus as the
set {(re2 x ... ,C27rt) E C"Iti E R}, then H1 (T") - Z** is generated by
the homology class of the loops
: S1 -+ L
ei27rt -4i27rtres t -+ (r, - - , res t , ..- , r)
ith position
A simple computation gives us WTn (ly]) - fo r2 cos2 (O)dO r2 r for each
i. Based on the additive property of the Maslov class, we see that the com-
putation of /Tn([-yi]) reduces to the computation of the Maslov number for
the natural Lagrangian embedding S' -* C. We get/n (p [y])= 2 for each i.
Hence T' is monotone with c -
We see that the Maslov number for the natural Lagrangian embedding
Tn -_ (Cn, wo) is 2. This turns out to be true for any Lagrangian embedding
of the n-torus in (Cn, wo).
Theorem 4.8. [4] The Maslov number of a monotone Lagrangian torus in
(Cn, wo) is always 2.
In general, the monotonicity condition imposes restrictions on the Maslov
number of closed Lagrangian submanifolds L E (C", wo).
Theorem 4.9. [16] If f : L -+ C" is a monotone Lagrangian embedding of
a closed manifold L, then 1 < NL < n + 1.
In [16), Polterovich also gives examples of such Lagranagia submanifolds.
Lemma 4.10. For every pair of integers 2 < k < n, there exists a closed
monotone Lagrangian submanifold L of (Cn, wo) such that NL = k.
Proof. Consider the Lagrangian embedding t : (S1 x S")/ ~-+ (C", wo)
constructed in Example 1.53. We will denote this Lagrangian submanifold
by L,. We will show that it is monotone and NLn = n. We can view this
manifold as a bundle over S with fiber Sn 1 . Indeed, let I = [0, 1) be the
unit interval. Then, we have the bundle
L = (I x S"--)/ ~-+ I/I = Sl
where (0, x) ~ (1, -x). Consider the case where n > 3. By using the
homotopy long exact sequence of the fibration S- 1 -+ Ln - S1 , we get that
ri(Ln) ~- in(Sl) ~ Z
On the other hand, S1 x S"- --+ Ln = (S1 xS"-)/ ~ is a double covering
map. Also note that the map
f : S1 X S"-+ (C" h wo)
(z,x) -+ zx
is a Lagrangian immersion. This map factors as
S1 X Sn- Ln 4 (C', wo)
and, hence, the corresponding Gauss map f factors as
S1 X S"-1 -+L TeAx- Ln - An
Applying the H'-functor, we get
H 1 (An; Z) - H1 (Ln; Z) - H'(S9 x Sn1; Z)
Since S' x Sn-1 is a double cover of Ln, and the cohomolgy groups H 1(Ln; Z)
and H 1(S x "1; Z) are isomorphic to Z, we see that
H'(Ln;Z) 
-+ H1 (S' x S"1; Z)
a -+ 20
where a and 0 are generators of H1 (L,; Z) and H1 (S' x S"-1; Z) respectively.
This implies that N(f) = 2NL. So, if we can compute the Maslov number
N(f), we can determine NL. Also, w(f)(a) = 2WL(O). Therefore, Ln is a
monotone Lagrangian submanifold if and only if f is a monotone Lagrangian
immersion.
We will now determine the Maslov number N(f). As in the previous sections,
we view the (n - 1)-sphere as the set
n-1 {(XI, - Xn) E R" | IX2 + -.-. + X2=1
Consider the upci set U = {(X1 , - ,xn) E Sn-1 n > 0}. If we use the
parametrisation
(t (x ,---,X'_1)) 
-+ (e "7 (X1, - - _1, y 1 - |xF))
on the open subset S' x U of S1 x §S" then the map f : S' x U -+ C" is given
by
(t; ( i, --- _1)) ( ie ' ,. , e ie , /1 - |x|2ei2 t)
Furthermore, for each p = (t; (zi, . , Xz-1)), the corresponding Lagrangian
subspace Tf(p)L C (C", wa) is the real subspace spanned by the column vec-
tors of the Jacobian matrix of the above map. Hence, after doing a simple
computation, we see that the Gauss map f sends each (t; (x 1, - - - , xn-1)) to
the real subspace spanned by the vectors
/ iei2rt ei2rt\ / 0 \ / 0 \
0 e2 t(0 ( 0
i~irtiILr1
e _ - 27x - X e:
2 rir Xn-1 22rt -eX2tX2 -2wt
in C". The homolgy group H1 (S1 x S"- 1) is generated by the homology class
ofthe loop
z -+(z, (0, . .. , 1))
If we use our parametrisation on S' x U, we see that the corresponding loopf o -y : [0,1] -4 A, maps each t E [0, 1] to the real vector space spanned by
the vectors
/ 0 \ ie27rt\ 0 \ /0\
:0 e i27rt
---0
0 j'.j
000 eit
\i27rt / \0 / \0 0
Note that, for each t C L, the above vectors give a unitary basis for C'.
If we recall our identification An= U(n)/O(n), we deduce that the map f o-y
sends each t E [0, 1] to the equivalence class of the diagonal matrix
/ei27t 0 . .. 0 0
0 ei~lr ... 0 0
0 0 ... et2rt 0
0 ... ... 0 iei27rt
Finally, applying the map det2 : U(n)/O(n) -+ S1, we get the loop
Si -+
i27rt
i 1
ei47rnt+i7r
Since p(f)( ) is the degree of this map, we deduce that the Maslov number
of f is N(f) = 2n. On the other hand, a simple computation gives us
w(f)([H]) =r. Hence, L, is a monotone Lagrangian submanifold of (C", w0 )
and NL, = n.
By using arguments similar to the ones used above, one can show that,
for n = 2, L 2 -_ (C2 , wo) is a monotone Lagrangian embedding with NL 2
Now, suppose 2 < k < n and consider the Lagrangian embedding
t : Lk - (Ck wo)
discussed above and the Whitney immersion
f : S"-k -+ (Cn-k, wo).
We showed that this immersion is monotone with a minimal Maslov number
equal to zero. Then, the map
t x f : Lk X Sn-k 
_ (Cn, wo)
is a Lagrangian immersion. By construction, it is monotone and, based on
the additive property of the Maslov class, the Maslov number is equal to k.
Since Lk, S"-k are closed manifolds and t is an embedding, we can apply
Lemma 2.16. T bere is a Lagrangian embedding j L x Sn-k -+ (C,, wO)
which is 1-regular homotopic to t x f. Hence, this Lagrangian embedding is
monotone and its minimal Maslov number is equal to k. This completes the
proof.
We get the followinng result from Theorem 4.9.
Corollary 4.11. Suppose f : L - (C", wo) is a Lagrangian immersion with
N(f) = 0 or N > (n+ 1). Then f is not I-regular homotopic to a Lagrangian
embedding L -- (C", wo).
The definition of monotonicity that we have given for Lagrangian subm-
manifolds in (Cn. wo) is based on the following two properties of this sym-
plectic manifold.
1. The symplectic vector bundle (TC", wo) -+ C" is trivial.
2. wo is an exact form.
These properties hold for any symplectic structure w on C'. In fact, we
can, in a similar way, define the Maslov class and the symplectic area class of
Lagrangian immersions or embeddings L -* (C', w). On the other hand, gen-
eral symplectic manifolds (M, w) do not satisfy the properties listed above.
For instance, the symplectic form w cannot be exact if M is a closed man-
ifold. So, we will need a more general definition of monotone Lagrangian
submanifolds.
Suppose (M, w) is a symplectic manifold. By using the Hurewicz- ho-
momorphism 7r2(M) -+ H2 (M), we see that the cohomology class [w) E
H2(M; IR) of the sympletic form and the first Chern class c1(TM) E H2 (M; Z)
define homomorphisms
W : 7r2 (M) -+ R and c1 :r 2 (M) -+> R
respectively. If a E 7r2(M) is represented by a map h : S2 -+ M, then the
first homorphism is given by
W(a) = h*w.
Definition 4.12. A sympletctic manifold (M, w) is monotone if there exists
b > 0 such that
c1(a) = bw(a)
for any a E 7r2 (M).
Example 4.13. Consider the manifold CP". The chern class c1(TCP")
is equal to (n + 1)v where v is the generator of H2(CP,) ~ Z defined by
v([CP']) = 1. Here, [CP'] E H2(CPn) ~ r2 (CP") Z is the homology
class of a complex projective line CP 1 C CPn. Given any symplectic form w
on CP, v [] where a = w([CP 1]). Hence, (CPn, w) is monotone with
b = ".-I. For the symplectic structure defined in Example 1.32, a simple
computation gives b = n1.
Definition 4.14 (The Maslov index). Suppose (M, w) is a symplectic mani-
fold and L a Lagrangian submanifold. The Maslov index is a homomorphism
PL : 7r2 (M, L) -+ Z
constructed as follows. Suppose # E 7r2(M, L) is represented by a map
f : (D2, 1) -4 (M, L)
We will denote by (Ef, w) -e ID2 the pullback symplectic vector bundle
(f*TM, w) -+ D2 . Then, the pullback bundle f*TL -> S1 is a Lagrangian
subbundle of (Ef si, w) -+ S'. Since D2 is a contractible space, there is a
trivialization
(Ef, w) + ID2 x (C,, wo)
ID2 =ID2
which is unique up to homotopy. Using this trivialization and the Lagrangian
subbundle f*TL -+ S1 of (Ef si, w) -+ S', we get a map -y : S1 -+ A, and,
hence, an element (7f] E H1 (A,). We set
PL(0) = P (If (4.1)
where p E H 1 (An) is the universal Maslov class. The minimal Maslov number
NL is the non-negative generator of the subgroup 1L(7r2(M, L)) C Z.
In the case xiere (M, w) = (C", wo), it can be shown that this definition
agrees with the oi iginal defnition. The Maslov index PL satisfies the following
important property.
Lemma 4.15. Suppose L is a Lagrangian submanifold of the symplectic man-
ifold (M, w) and fi, f2 : (D2 , S1) a (M, L) are maps such that filsi = f2Isi.
Let fl#f2 : 2 -- M be the map defined by
fi (Z) zED2fl#f2(z) {f= Z) Z -U2
where 52 denotes the 2-disc with the opposite orientation. Then
pL([fi]) - ptL([f2]) 2c1(fl#f2).
The symplectic form w also defines a homomorphism w : 7r2 (M, L) -+ R
given by
w([f]) = f*w
where [f] E 7r2 (M, L). This homomorphism satisfies
w([fl#f2]) = w([fi]) - w([f2]).
Definition 4.16. A Lagrangian submanifold L of a closed symplectic man-
ifold (M, w) is monotone if there exists c > 0 such that
for all # E 7r2 (M, L).
If a closed connected symplectic manifold (M, w) admits a monotone La-
gangian submanifold L, then (M, w) must be monotone: Suppose the homo-
topy class a E 7r2 (M) is represented by a map h : (S2, eo) -+ (M, xo) where
eo and xO E L are basepoints of S2 and M respectively. This corresponds
to a map f : (D2 , i) -+ (Mx o). In fact, we can express h as f#cx0 where
cO : D2 - M is the constant map. Using Lemma 4.15, we get
PL([f]) - LL([Cxo 1 ) 2ci([fi#cxoj)
/ pL([f]) = 2c1(a)
Since L is monotone, the last equation gives us
cw([f]) = 2c1(a)
== cw(a) = 2c 1(a)
Hence (M, w) is monotone with 2b = c.
Example 4.17. Suppose (M, w) is a closed monotone symplectic manifold
and L is a connected Lagrangian submanifold L with 7ri(L) torsion. Then
L is monotone: Suppose the class # E 7r2(M, L) is represented by a map
f : (D2, S1) -+ (M, L). Since 7ri(L) is torsion, there is a nonnegative integer
r such that [f Is]r = 0 E 7r1(L). Hence, if #r E 7r2 (M, L) is represented by a
map q : (D2, Si) -+ (M, L), there is a map k : ID2 - L such that qlsi = ksi.
Then q#k : S2 - M and, by Lemma 4.15, we get
pL([q]) - pLQk]) = 2c 1 ([q#k]).
Since (M, w) is monotone, this equation gives us
PtL(or) - L([k]) =2bw([q#k])
PL ,(or) -AL([k]) =2b (w(/r) - w(k]))
Note that w([k]) = 0 since the image of k lies in L and WIL = 0. Also,
,pL([k]) = 0. Indeed, the corresponding loop N : S' - A, in Equation
4.1 extends to a map D2 - A,. This implies that 'Yk is contractible and
pL([k]) = 7(Lxk]) = 0. So we are left with pL(#) = 2bw(#). This implies that
L is monotone.
Example 4.18. Consider the symplectic manifold (S2, w) where w is the area
form from Example 1.29. The first Chern class c1(TS2 ) is given by ci = 1.
Any embedding t: S -+ §2 is Lagrangian. Furthermore,
r2 (S2, 5i) _ Z (D Z
where the summands are generated by the homotopy classes of the maps
fi, f2 : D2  §2
which represent the two discs having the Lagrangian S as a common bound-
ary. We hav [f #f2] = ±[S2] where [S2] is the fundamental class of the
2-sphere. Without loss of generality, assume [fi#f2] [§2]. The Maslov
index can be computed as follows. Let U -+ C be a stereographic projection
map where U is an open set containing fi(D 2 ). Using this map, we can embed
the Lagrangian S' of (§2, w) as a Lagrangian submanifold of (C, wo). Then
computing psi([fi]) reduces to computing the Maslov number for the con-
structed Lagrangian embedding S' -+ (C, wo). We get ps1 ([fi]) = 2. Now, if
we use Lemma 4.15, we get
ps1i(fil) - psi1([f2]) = 2c1([S2 4
-ts (f2]) = -2.
Hence, the map t : S' _ §2 is a monotone Lagrangian embedding if and only
if
o([fi]) = 27r (4.2)
w([f2]) = -27r. (4.3)
In other words, the circle S' divides the area of the 2-sphere §2 in half.
Lemma 4.19. Suppose (M,w) is a closed monotone symplectic manifold
and suppose : AI -+ M is an anti-symplectic involution : *w = -w and
Q o 1 = Id. Let L = {x E M|J(x) = x} be the set of fixed points of 4). If L
is nonempty, then L is a closed monotone Lagrangian submanifold of M.
Proof. We begin by proving that L is a closed submanifold of M with di-
mension dim L = di M,. The map (D defines a Z/2Z group action on M.2
Recall that the set of fixed points of a G-group action on a closed manifold
is a closed submanifold ([3]). Hence, L is a closed subiiiaiifold of M. For
any x E L, the differential dxA is a linear isomorphism TxM -+ TxM. Since
dxT o d - Id, the eigenvalues of dxA are 1 and -1 with eigenspaces
V1 = {u+dx4(u)|uETxM}=TxL
V2 = {u-dx@(u)|uETxM}.
Furthermore, we have the isomorphism
V 1 -+ V2
u + dx (D(u) -+ u - dx (D(u)
and the decomposition
TxM -+ V1 eDV 2
1 1
U - (u + dx4(u)) + -(u - d 4(u)).
2 2
Hence, we get dim L di m as claimed. Furthermore, WIL 0. Indeed,
given x E L and u, v E TxL, we have
WX(u,v) = -(4*w)x(u,v)
= WX(U, v = -ox(dx@)(u), dx@)(v))
=>oX(u,v) = -- X(uv)
=> W(u, v) = 0
Hence, L is a Lagragian submanifold of (M, w). Finally, we will show that L
is monotone. Suppose [f] E 7r2 (M, L). Then ( o f : (D2, §1) -+ (M, L) and
f si = 4 o fisi since L is the fixed point set of D. We can construct the map
h = f#(4 o f) : S2 --+ M. Using Lemma 4.15, we get
pL[f])-AL([4 Ofj) - 2ci([h])
Since M is monotone, we deduce that
pL([f]) - LQ(~j 2b([
= pL([f]) -pL ([(o f]) =2b (w({f]) -- ([GDo f])) . (4.4)
Note that
W([ Qo, f]1) = ((D o f)*w = f*("W) = f*(-Lw) = -wj([f]
JD 2 JD 2 j 2
Also pL ( f -pL([f]): We have a symplectic vector bundle isomor-
phism
(f*TM, -w) -+((( o f)*TM,w))
ID2 D2
given by
(x, u) _ (X, df(x) (u))
where x E D2 and u E Tf(X)M. Hence, a trivialization
(f*TM, w) ~ D2 X (CnWO)
induces a trivialization
((4 o f)*TM, w) (f*TM, -w) ~ D2 X (Cn, -W0 )
This implies that the corresponding loop -yeyf : S' An needed in Equation
4.1 is the reverse of the loop -Yf. So, we do get pL([4 o fL) -PL(f]).
Equation 4.4 reduces to pL([fl) = 2bw([f]). Thus, L is monotone. 0
Example 4.20. Consider the symplectic manifold (CP", w) from Example
1.32. We showed in Example 4.13 that this is a closed monotone symplectic
manifold. The map
4:CP" -+ CP"
[zo : -.. : z '] [T-: -.. : z-~]
is an anti-symplectic involution. Therefore, the fixed point set, RP', is a
closed monotone Lagrangian submanifold.
As we mentioned in the beginning of this section, monotonicity is a condi-
tion which is often imposed on symplectic manifolds and Lagrangian subman-
ifolds in order to apply advanced machinery such as Floer (co)homology. The
Floer (co)homology of a monotone symplectic manifold is the (co)homology of
a chain complex constructed from a moduli space of Hamiltonianly perturbed
pseudo-holomorphic cylinders (see [17]). The construction of this chain com-
plex for general symplectic manifolds is more involved due to the existence of
pseudoholomorphic spheres with negative Chern number. The monotonicity
condition prevents this from happening.(It can be shown that w([h]) > 0 for
any non-constant pseudo-holomorphic sphere on h :2 (M, w). Hence, if
M is monotone, we get c1([h]) = cw([h]) > 0.) The Floer (co)homology of
a monotone symplectic manifold is isomorphic to the singular (co)homology
of the manifold. There is also a version of Floer (co)homology for monotone
Lagrangian submanifolds. It involves studying pseudoholomorphic discs with
boundary lying on the Lagrangian submanifolds. By using this machinery,
symplectic topologists can derive topological properties of monotone sym-
pletic manifolds and monotone Lagrangian embeddings. The following The-
orem of Albers is an example of such results.
Definition 4.21. A Lagrangian submanifold L E (M, w) is said to be Hamil-
tonianly displaceable if there exists a Hamiltonian vector field X which gen-
erates a flow of symplectomorphisms {#}tER such that #1(L) n L = 0.
Theorem 4.22. [1] Suppose (M, w) is a monotone closed symplectic mani-
fold and t : L -+ (M, w) a monotone Lagrangian embedding of a closed mani-
fold with NL > 2. If the Lagrangian submanifold is Hamitonianly diplaceable
then the homomorphism
tk : Hk(L, Z/2) -- Hk(M, Z/2)
induced by the map t is zero for k > dim L + 1 - NL.
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